We study spin-wave excitations in a circular ferromagnetic nanodot in different inhomogeneous, topologically non-trivial magnetization states, specifically, vortex and skyrmion states. Gradual change in the strength of the out-of-plane magnetic anisotropy and the Dzyaloshinskii-Moriya exchange interaction leads to continuous phase transitions between different stable magnetic configurations and allows for mapping of dynamic spin modes in and between the vortex, Bloch-type skyrmion and Néel-type skyrmion states. Our study elucidates the connections between gyrotropic modes, azimuthal spin waves and breathing modes in various stable magnetization states and helps to understand the rich spin excitation spectrum on the skyrmion background.
I. INTRODUCTION
Theory of 2D magnetic topological solitons was developed in 1980-years, see Ref. [1] and references there. The first kind of the topological solitons, magnetic vortex stabilized in flat soft magnetic particles (dots) was discovered in 2000 by Shinjo et al. [2] . The spin excitation spectrum over the vortex ground state was actively studied during the last decade and is now well established.
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The classification of the excitations on high frequency spin waves (SWs) and low frequency vortex gyrotropic modes based on the mode symmetry and number of nodes in the dynamical magnetization profiles along the radial and azimuthal directions has been suggested. The vortex spin excitations are interesting from physical point of view but also have important potential applications, for instance, for understanding of the switching of the vortex core polarization, 7, 8 an effect that might find an application in novel magnetic logic or memory devices.
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2D hexagonal lattices of magnetic skyrmions (another kind of the topological solitons) were found in 2009 in thin films of some compounds with B20 cubical crystal structure without an inversion center (like MnSi, FeGe, etc.) and in some multiferroics (Cu 2 SeO 3 , etc.) at low temperatures. These skyrmion lattices are stabilized due to the antisymmetric Dzyaloshinskii-Moriya exchange interaction (DMI). The spin excitation spectra of the skyrmion lattices were simulated 10 and measured by broadband ferromagnetic resonance. 11, 12 Very recently the single skyrmions stabilized in ultrathin magnetic films and dots by an interface induced DMI were discovered using X-ray imaging. [13] [14] [15] Such individual skyrmions attracted attention due to their existence at room temperature, small (zero) magnetic field stability and high mobility in response to spin polarized current. 16 The study of spin dynamics in the skyrmion state in restricted geometry (magnetic dots, stripes etc.) is equally important, however, it is still in the beginning stage.
The theory of the topological soliton dynamics developed so far, concerns so called precession solitons in infinite 2D systems (thin magnetic films). Typically the Belavin-Polyakov (no magnetic anisotropy) solitons 17 and the precessional solitons in uniaxial "easy" axis ferromagnets 18 were considered. The need to consider precession of the magnetic solitons appeared due to the problem with the soliton stability in the absence of the high-order exchange or Dzyaloshinskii-Moriya exchange interaction. The solitons were made conditionally stable fixing the number of bounded magnons.
1 The situation with magnetic dots/stripes is different: the topological soliton can be stabilized either by the DMI (bulk or interface) or magnetostatic interactions at some finite value of the uniaxial magnetic anisotropy. There are zero-frequency spin excitation modes for the topological solitons in infinite films (radially symmetric breathing mode and azimuthal translation mode) related to a degeneracy of the soliton ground state and several finite frequency modes localized near the soliton center. Non zero-frequency modes are expected for the solitons in magnetic dots because the soliton energy depends on the soliton position and soliton radius due to existence of the sample edges. Even though several papers have been already published on the skyrmion dynamical excitations in restricted geometry, [19] [20] [21] [22] [23] the consensus regarding the classification of the spin eigenmodes over skyrmion background in nanodots has not been reached so far. Also a transition between the dynamical vortex and skyrmion modes has not been explored. This leaves many questions unanswered, in particular, whether the spin excitation modes corresponding to the two azimuthal SWs existing over a vortex state with clockwise (CW) and counterclockwise (CCW) sense of propagation can be found in the skyrmion states.
Analytic approach to the skyrmion dynamics in restricted geometry is related to some model assumptions and simplifications which sometimes are difficult to jus- tify for real systems. For instance, the ideas developed for description of the magnetic bubble domain dynamics were exploited. The skyrmion dynamics in circular dots was considered assuming that all skyrmion excitation modes can be described as oscillation of the circular domain wall shape 24 or that the radial domain wall is very thin (the skyrmion radius is essentially larger than the domain wall width). 21 In this paper we consider spin excitation spectra on the magnetic soliton background in thin circular dots with effective easy plane anisotropy with micromagnetic simulations. To do that we identify a set of parameters that allows for the continuous phase transitions (preserving continuity of the magnetization components) 25, 26 in transformations between various magnetic soliton stable states, i.e., vortex, Bloch-like skyrmion and Néel-like skyrmion (see Fig. 1 ). With this we were able to show a continuous mapping of the spin eigenmodes between different magnetization configurations and understand the relation between the excitation modes in different soliton stable states of the nanodots. The results enable to classify the eigenmodes as Blochlike skyrmion and Néel-like skyrmion states and finally to demonstrate existence of the CW and CCW spin wave excitations in these skyrmion state dots.
II. MODEL
The physical system we consider is a circular ferromagnetic dot of the thickness t and radius R. To find the dot spin excitation spectrum the finite difference time domain (FDTD) micromagnetic simulations were performed using mumax 3 code. 27 We start from the LandauLifshitz-Gilbert equation of magnetization M motion with the Gilbert damping parameter in which the time derivative
is defined as the torque τ , and equal to:
where γ is the gyromagnetic ratio, α is a dimensionless damping parameter, and B eff is the effective magnetic field, which includes the external magnetic field B z , the magnetostatic demagnetizing field B demag , the isotropic Heisenberg exchange field B exch (the parameter A exch ), the Dzyaloshinskii-Moriya exchange field B DM , and the uniaxial magnetocrystalline anisotropy field B anis (the anisotropy constant K u ):
The skyrmions are stabilized in the dot due to interplay of the isotropic exchange, DMI, uniaxial out-ofplane magnetic anisotropy, and magnetostatic energies assuming zero bias magnetic field. The DMI is implemented as an effective field according to:
that give rise to the energy density:
where m = M /M s is the reduced magnetization vector and D is the Dzyaloshinskii-Moriya interface exchange interaction constant.
The simulations consisted of the following steps. We fixed the value of the saturation magnetization M s and the isotropic exchange A exch . The initial state was assumed in the form of the Bloch skyrmion. This state was relaxed to the lowest local minimum energy state for each set of the parameters (K u , D). Then, the stable magnetization configurations were excited with an uniform low amplitude variable magnetic field having a time dependence represented by sinc function with the cut-off frequency f max = 10 GHz. Such low value of the cut-off frequency was chosen because we were interested to map the low frequency part of the dot spin excitation spectra immediately related to the different dot inhomogeneous magnetization states and continuous transformations between them. We used in-plane and out-of-plane orientation of the variable field to excite the spin modes of different symmetry. The space and time dependent magnetization components acquired after the field excitation were then transformed to the frequency domain (Fourier transform) to obtain the dispersion of spin modes and spatial distribution of the dynamical components of the selected eigen oscillations of the magnetization vector m.
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Throughout the paper we use the following material parameters of the ultrathin magnetic circular dot of the radius R = 125 nm and thickness t = 1.4 nm: saturation magnetization M s = 1.5 × 10 6 A/m, exchange constant
, and out-ofplane magnetic anisotropy constant K u = 1.30 × 10 6 -1.415 × 10 6 J/m 3 . This set of parameters corresponds to the ultrathin layers of CoFeB-MgO. 29 The material quality factor Q = 2Ku µ0M 2 s varies from 0.92 to 1.0. The assumed value of the damping parameter taken into account in the FDTD simulations is α = 0.01, and it is close to the value of a ultrathin CoFeB film.
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III. RESULTS AND DISCUSSION
The static soliton stable configurations in the isolated circular dot are shown in Fig. 2 . Fig. 2(a) presents the skyrmion number (topological charge):
The topological charge has the characteristic value of 0.5 for the vortex state and 1 for the skyrmion states. However, S no is not exactly equal to 1 for a magnetic skyrmion. It is shown that the S no is a continuous function when the magnetic anisotropy or DMI value are changed in the range of interest defined in the previous section, see Fig. 2 (a) . The smooth transition is present from complete vortex (i) to complete Bloch-like (ii) or to Néel-like skyrmion (iii) and (iv) (all visualized in Fig. 1 ) with an increase of the anisotropy or DMI value. The Bloch-like skyrmion is stabilized at high values of anisotropy and D ≈ 0. However, it is a metastable state (a single domain state is the ground state). 29 The Néel-like skyrmion state realized when D > D c (K u ), where the function D c (K u ) is defined by the line following yellow color in Fig. 2 (b) . The intermediate states be-tween the vortex and skyrmion are realized for intermediate values of the parameters. In this article we concentrate on the dynamical properties of the nanodot with values of the anisotropy and DMI that links following four points and magnetic configurations indicated in Fig.  1 The magnetization vector dependence on the coordinates can be expressed in the polar coordinate system m(r, φ) with the origin in the dot center, see Fig. 1 (i) . 
The function Φ 0 over (D, K u ) plane is presented in Fig. 2 (b). The Φ 0 is defined only when one point m z = 0 can be found along the dot radius. The general tendency is that the low value of DMI favors Bloch-like skyrmion (ii) and the high value of DMI is necessary to stabilize the Néel-like skyrmion (iii) and (iv). The vortex is stable when both (D, K u ) values are small. Fig. 2 (c) shows the dependence of the skyrmion size R s normalized to the dot radius R. Similarly to the Φ 0 , R s is defined only when the point m z = 0 can be found. The R s is also calculated for the incomplete skyrmions having the topological charge smaller than 1, where still the point m z = 0 can be found along the dot radial coordinate. The size of the skyrmion increases with the increase of the DMI strength and decreases with increase of the magnetic anisotropy constant K u . 13, 33 The Bloch-like skyrmion becomes unstable (R s goes to zero) with respect to transition to the perpendicular single-domain state at Q approaching 1 and small
The analysis of Fig. 2 allows us to choose the path for study of the soliton dynamical excitations where continuous transitions (second-order phase transition) happen: between the vortex and Bloch-like skyrmion along path (i) → (ii), between the Bloch-like skyrmion and Néel-like skyrmion with high Q along path (ii) → (iii), between high and low Q Néel-like skyrmions along the path (iii) → (iv), and finally between the Néel-like skyrmion and vortex state along path (iii) → (iv). These paths are indicated in Fig. 2 (a) with black straight arrows.
FIG. 3. (Color online)
The dispersion relation plotted along the path presented in Fig. 2(a) between the four (i-iv) magnetic configurations presented in Fig. 1 . The figure presents the dispersion obtained with the spatially uniform microwave magnetic field excitation of the sinc type in time with a) out-of-plane dynamic component and b) in-plane magnetization component. The static properties of the soliton are presented in c) skyrmion number Sno, d) skyrmion phase, Φ0, e) skyrmion size Rs/R and f) the averaged magnetization components, < mr >, < m φ > and < mz >.
In the dynamical simulations, there are spin eigenmodes keeping the radial symmetry of the soliton static state (radially symmetric or breathing modes) and the eigenmodes with broken radial symmetry (azimuthal modes rotating in the clockwise (CW) and counterclockwise (CCW) directions). The radially symmetric modes have no net in-plane magnetization, and therefore, can be excited only by out-of-plane variable mag-netic field. The azimuthal modes including gyrotropic ones can be excited by an in-plane variable magnetic field. The calculated frequencies of low-lying spin excitations along the defined above paths are presented in Fig. 3 (a) for the out-of-plane excitation magnetic field and in Fig. 3 (b) for the in-plane excitation magnetic field. The static properties presented in Fig. 2 are also plotted as a function of the dot magnetic parameters in Figs. 3 (c-f) . The regions where soliton is in complete vortex, Bloch-like, Néel-like skyrmions or in transition state can be clearly differentiated and are indicated in Fig. 3 (c) and (d) , and also in Fig. 2(a) . Fig. 3(f) demonstrate the second-order phase transitions, i.e., continuous transitions of the average magnetization components (its perpendicular < m z >, radial < m r > and azimuthal < m φ > components) along the paths.
Two main modes can be found in the excitation spectrum shown in Fig. 3(a) for the external microwave field perpendicular to the dot plane. The lowest frequency mode (purple dot and black dashed line) corresponds to the so called breathing skyrmion modes. 19 The higher frequency mode (marked by black dot) is a high order quantized mode of the same type of the radially symmetric excitations. Continuous transition of the mode along the path allows to find corresponding modes in the vortex state, in the Bloch-like and Néel-like skyrmions. The spatial profiles of the dynamic magnetization of the lowest frequency breathing mode for the four magnetic configurations (i-iv) are plotted in Fig. 4 (2nd column) . For the vortex magnetic configuration, K u = 1.3 × 10 6 J/m 3 and D = 0 mJ/m 2 (i) this mode can be characterized as a almost uniform radial mode. The SW amplitude is connected mainly with radial magnetization component, that for static configuration in a vortex state is close to 0 (see the 1st column in Fig. 4) , and it oscillates in phase in a whole nanodot. With increase of the anisotropy the magnetic configuration is transformed to the Bloch-like skyrmion (point (ii)) and the character of the mode changes. The out-of-plane dynamic component is localized near the edge of skyrmion (near the skyrmion radius r = R s ), forms a ring around the skyrmion edge and the magnetization oscillations are in phase. That is characteristic for the lowest breathing mode. Although the size of skyrmion is smallest among the considered configurations ( Fig. 2(e) ) the frequency of the breathing mode is quite low. With increasing D, its frequency still decreases up to transformation of the soliton into the Néel-like skyrmion, whereas the skyrmion radius increases. The breathing character of the mode and the area of the mode localization are preserved for the Néel-like skyrmion with high Q factor, K u = 1.415 × 10 6 J/m 3 and D = 2.0 mJ/m 2 (iii), as well. Whereas for the Néel-like skyrmion with low Q factor, at the point (iv) the amplitudes of the z and φ dynamical magnetization components are localized near the dot edge and the largest value of the static z-component amplitude is connected with the largest δm φ component. This change might be attributed to large size of the skyrmion and related edge effects or the large domain wall width related to the low value of Q factor. 34, 35 Interestingly, the frequency of the breathing mode has a local minimum at every transformation of the magnetization configuration (between vortex and Bloch-like skyrmion, Bloch-like and Néel-like skyrmion, and Néel-like skyrmion and the vortex), while it is weakly dependent on the changes of Q for the Néel-like skyrmion. Fig. 3 (b) presents the soliton eigenfrequencies when the excitation magnetic field is in-plane of the dot. Due to the symmetry of the breathing mode, it cannot be excited effectively with such field. Instead, other modes are visible in the excitation spectrum. Here we concentrate on the modes that correspond to gyrotropic mode and CW, CCW azimuthal SW modes in the vortex magnetic configuration indicated with green, blue and yellow dots, respectively.
The lowest frequency mode is a gyrotropic excitation directly related to the soliton topological charge. This mode is a precession of the vortex/skyrmion core around its equilibrium position in the dot center (CW for the given soliton core polarization p=-1). It is characterized with the out-of-plane dynamic magnetization component localized near the edge of the skyrmion and amplitude that forms a ring around the skyrmion edge (see Fig. 4 , the column in the middle). The oscillation is not in phase around the dot, but changes continuously form −π to π. This character is preserved for all configurations apart from the Néel-like skyrmion with low Q factor, where due to large size of the skyrmion, the nanodot edge effects or the wide domain wall width provide changes in the profile of this mode. The in-plane dynamical magnetization components are also concentrated near the skyrmion radius except the case of Néel-like skyrmion (iv), where they are localized at the dot center. The CW gyrotropic mode can be described by the azimuthal index m = −1. The gyrotropic mode posses a finite frequency in the subGHz range for the whole studied range of parameters with two minima and close to zero frequency for Blochlike skyrmion (around ii) and Néel-like skyrmion with low Q factor (near iv). The vanishing frequency is a characteristic property of the gyrotropic mode signaling about a border of the soliton stability. It was also observed near the transition of the vortex to the saturated state of the dots, when the gyrotropic mode transforms into the quasi-uniform Kittel mode. 26 The minimum of frequency corresponds to two magnetization configurations with smallest (ii) and largest (iv) skyrmion radius, the states closest to the uniform state.
Two remaining excitation modes in the vortex state are the modes corresponding to the CW (m = −1) and CCW (m = +1) SW azimuthal modes (see profiles in Fig. 4 in the last two columns) . If the vortex core is neglected they have no radial nodes and can be described by the radial index n = 0. In a vortex state (i) the degeneracy of the CW and CCW SWs is lifted due to the dynamic hybridization of the SWs with the gyrotropic mode.
8 This hybridization is especially strong for the m = −1 SW mode and small R resulting in formation of a radial node near the vortex core edge. Therefore, the high frequency mode of the doublet is described using the indices m = −1, n = 1. The classification of the low-lying SW modes by the indices m = +1, n = 0 (CCW) and m = −1, n = 1 (CW) is applicable also to the Bloch-and Neel-skyrmions. The mode frequencies decrease with increasing K u when the magnetic stable state is vortex. During transition from vortex to Blochlike skyrmion, the spatial distribution of CCW SW mode changes. The localization is transferred from the edge to center and at certain values of anisotropy the mode can not be effectively excited with in-plane field. To check if the separation of the CW and CCW modes preserves in the transition point we have repeated simulation but with the point excitation (100 nm circle localized in the center of the nanodot). Indeed, these modes are split as is shown in the inset in Fig. 3 in the transition point. With further increase of the anisotropy the Bloch-like skyrmion forms and the frequency separation between CW and CCW modes increases significantly. It is related to the localization of these modes in the skyrmion states, which is different from one in the vortex state where the vortex core occupies small area of the dot. In the skyrmion states we can distinguish azimuthal modes as center localized or edge localized SWs. With transformation of the magnetization configuration between different skyrmions this property is preserved and mostly pronounced among the skyrmion states in the state (iii) where strong localization of the azimuthal SW is present at a skyrmion core (5th column in Fig. 4 ) or skyrmion edge (4th column). Nevertheless, the origin of this frequency splitting is not clear at this moment and gyrotropic mode can contribute to this.
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In the case of Néel-like skyrmion configuration with high Q factor (iii), the lower frequency azimuthal SW could be also interpreted as CCW gyrotropic mode 36 and in fact, there is a big resemblance of the dynamic components of magnetization. Nevertheless, the origin of this mode is due to azimuthal SW excitation over the skyrmion background and the difference between the gyrotropic mode and lowest azimuthal SW mode is pronounced when the size of the skyrmion is much smaller than the dot size, the localization of the in-plane magnetization components of the azimuthal SW mode are spread within the dot and the in-plane magnetization components of the gyrotropic mode are localized near the skyrmion edge (ii). Other difference is the link of the gyrotropic mode sense of rotation with the sign of the topological charge or gyrovector (p = +1/ − 1). With respect of the CW and CCW SW mode frequencies splitting, interesting is also the variation of these modes with decreasing K u in the Néel-like skyrmion (on the path between iii and iv), where the frequency order of these modes changes, without any signature of their interaction at their frequencies crossing. In the Neel-skyrmion state (iv) the spin excitation spectrum is consequence of the CW gyrotropic (m = −1), CW SW (m = −1, n = 1) and CCW SW (m = +1, n = 0) modes. Whereas, the consequence for the vortex, Bloch-(ii) and Neel-skyrmion states is the following: CW gyrotropic (m = −1), CCW SW (m = +1, n = 0) and CW SW (m = −1, n = 1) modes. Other peculiarity of the Neel-skyrmion (iv) state is strong localization of the high frequency CCW SW mode near the dot edge.
We note also that there is a correspondence between azimuthal CCW SW mode m = +1, n = 0 (blue dots) and uniform radial mode m = 0, n = 0 (purple dots) in the dynamical magnetization spatial distribution and the frequency dependence on the parameters D, K u for all magnetic configurations considered. This similarity is indicated in Fig. 3(a) and (b) by dashed black line.
IV. SUMMARY
We have determined the spin excitation spectra of a circular magnetic dot in four topologically non-trivial magnetization states, and showed the continuous transitions between them. Using spin-wave eigenmode mapping we have elucidated the origin of the excitations on the skyrmion background and proposed a spin mode classification similar to that developed for the spin excitations in the magnetic vortex state dots (with K u = 0) based on the azimuthal and radial mode indices (m, n). The excitation spectrum on the vortex background with large K u is similar to that of the vortex state in a soft magnetic dot in that it has a low-frequency gyrotropic mode, an m = +1/ − 1 azimuthal mode doublet, and a radial mode (m = 0, n = 0) with approximately the same frequencies. In the skyrmion state the radial mode frequency is essentially lower and the frequency splitting between the azimuthal (m = +1 and m = −1) spin-wave modes essentially larger than ones in a vortex state dot.
